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Probing the space time around a black hole
with X-ray variability
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In the past decades, the phenomenology of fast time variations of high-
energy flux from black-hole binaries has increased, thanks to the availability of
more and more sophisticated space observatories, and a complex picture has
emerged. Recently, models have been developed to interpret the observed sig-
nals in terms of fundamental frequencies connected to General Relativity, which
has opened a promising way to measure the prediction of GR in the strong-
field regime. I review the current standpoint both from the observational and
theoretical side and show that these systems are the most promising laborato-
ries for testing GR and the observations available today suggest that the next
observational facilities can lead to a breakthrough in the field.
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1. Introduction: the promise of X-ray binaries
X-ray binaries are stellar binary systems that contain a normal star and
a collapsed object, either a black hole or a neutron star, in which the
strong gravitational pull of the latter strips matter from the companion and
accretes it. The process of accretion is complex and not fully understood.
Because of its angular momentum, the gas cannot fall directly onto/into
the compact object, but forms a disk around it. Matter at each radius
follows a Keplerian orbit, slowly spiralling towards the center due to friction,
emitting radiation at higher and higher energies as it nears the collapsed
object. The inner parts of the accretion flow, below ∼100 Rg, are very hot
and strong X-ray emission is observed. The structure of the accretion flow
is very complex and varies with time depending on the rate of mass flowing
through it. Although the supply from the companion star is expected to
be constant, instabilities in the accretion flow result in a variable accretion
rate through the inner parts of the disk. This variability can be extreme
in transient systems, in which the compact object spends most of its time
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accreting at a very low rate, to experience surges of accretion for periods
of weeks to months when the observed high-energy luminosity increases by
several orders of magnitude13.
An important aspect of the study of X-ray binaries is the determination
of the nature of the compact object. While direct evidence for the presence
of a neutron star can be obtained from the observation of high-frequency
pulsations or thermonuclear X-ray bursts (caused by unstable nuclear burn-
ing on the surface of the object, indication that a surface is present), the
black-hole nature of the central object has not so far been ascertained with
direct measurements4. The strongest indication for a black hole is indirect,
namely the measurement of the mass of the compact object from studying
the optical modulation from the binary system15.
To determine the presence of a black hole directly, we need to be able
to observe in the X-ray emission, which originates very close to the black
hole, effects due to General Relativity (GR), which would also allow us
to check the validity of the theory in the strong field regime. The best
approach would be to measure the mass of the compact object directly, with
additional ideal observables being GR precession frequencies of orbiting
matter and the presence of an innermost stable circular orbit (ISCO). The
absence of a solid surface would be very difficult to prove as it is a negative
measurement. For the identification and measurement of GR effects in
the strong field, X-ray binaries are our best laboratories. Active Galactic
Nuclei, which contain supermassive black holes, are not a match as their
gravitational potential is equivalent, but the field curvature much less37.
Spectacular measurements are being provided by the observation of the
double pulsar20. However, the two neutron stars in the system, that can
be treated as test particles, are 7×105km apart. The same applies to the
original Hulse&Taylor binary pulsar51. In the case of a black-hole binary,
our test particles orbit the object at a few gravitational radii, but they
are not really test particles, but plasma in a complex accretion flow whose
properties are not completely known. Nevertheless, these laboratories are
available thanks to X-ray astronomical satellites that provide high-energy
data of increasing quality (and quantity) and are now giving us the first
answer. In this chapter, I will concentrate on the possibilities offered by
the analysis of time variability in the X-ray flux, which close to the black
hole takes place on time scales well below a second.
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2. Spectral approaches
Before introducing time variability, it is important to mention other meth-
ods that are being used to estimate GR parameters based on the analysis
of emitted X-ray spectra30. These methods can be very powerful and are
yielding more and more refined estimates of black-hole spins.
2.1. Continuum spectra
The energy spectra originating from black-hole binaries (hereafter BHB)
are very complex, being the superposition of different components from
different regions of the accretion flow, and time dependent. One compo-
nent that is observed is produced in a geometrically-thin and optically-thick
accretion disk, as modelled originally by Shakura & Sunyaev40. The spec-
trum emitted by such a disk is the superposition of blackbody components
from different radii, with a specific radial temperature distribution. The
integrated spectrum has the luminosity of a sphere whose radius is the in-
ner radius of the disk and whose temperature is that at the inner radius.
Essentially, it behaves like a black body, which means that an estimate
of its luminosity and temperature directly translates into a measurement
of the inner radius of the disk. Given a black-hole mass (estimated from
optical data), the radius can be expressed in gravitational radii and if it
corresponds to the ISCO it yields the spin of the black hole. The emitted
spectrum is more complex than a simple sum of blackbody components and
more sophisticated and realistic models have been produced16.
Despite the (variable) presence of several other spectral components,
BHBs in their so-called ”high-soft state” emit a spectrum that is consistent
with an almost pure thermal component from the accretion disk. Detailed
modelling showed that the estimated inner disk radius is constant and can
therefore be associated to the ISCO. This has led to the measurement of the
back-hole spin for a number of sources29. In order to measure the spin one
must assume that the measured inner radius corresponds to ISCO, but any
larger radius would lead to a higher spin. However, in order to measure the
radius one needs to model the spectrum very accurately, take care of possi-
ble weak contamination from additional components, assume a distance to
the source and assume an inclination of the system (the disk is not a sphere
and its luminosity depends on its inclination, which of course is a random
parameter and can be estimated with optical measurements). The presence
of interstellar and local absorption also complicated the measurement.
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2.2. Iron line emission
A different and very powerful method used to estimate black-hole spins is
related to an additional component of the energy spectrum. The inner re-
gion of the accretion disk emits radiation that also irradiates on the disk.
The incident X-ray radiation is “reflected” by the disk and emits a spec-
trum that is composed of fluorescence lines, of which the most prominent
are Fe K lines, photoelectric absorption from the Fe shell above the lines,
and an increase in form of a continuum above that, with a gradual flux
decrease at high energies. This spectrum is complex, but it is dominated
by an iron emission line that in a cloud of gas would be very narrow. How-
ever, an accretion disk is made of matter orbiting at the local Keplerian
period, which means that the overall spectrum will be the superposition
of spectra from different annuli. The spectrum from each annulus will be
modified by Doppler effect due to the fast rotation, by relativistic redshift
and boosting. The final shape is expected to be very broad and possibly
double-horned17,39. Of course all these effects affecting the line depend on
the inclination, but it turns out that the blue wing is sensitive mostly to the
inclination and the red wing to how close the disk comes to the black hole
because of the strong redshift. Therefore, detecting a broad line excess and
modelling it with the proper model can potentially yield a measurement of
ISCO. Several measurements have been obtained, in some cases combined
with the continuum method described above41. This method must deal
with the same issues as the one above, with the exception of the distance
measurement, as radii are obtained directly in units of gravitational radii.
In particular, the full energy spectrum extends over a broad X-ray band
and is very complex, with several components some of which overlap in the
energy region where the broad line is observed (6-7 keV). Since a very broad
band extending from 3 keV to 7 keV is observationally a continuum com-
ponent, this means that the full broad-band spectrum must be successfully
fitted in order to estimate the line parameters.
3. Fast time variability
The X-ray emission observed from BHBs is very variable. Throughout
the evolution of an outburst of a transient source, when accretion rate
increases and X-ray luminosity reaches values of 1036−39erg/s, different
states are identified, which correspond to very different energy spectra and
fast time variability. One of these states, the already mentioned high-soft
state, when the emitted spectrum is almost a pure thermal component
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(that is used by the continuum methods), shows very little fast variability,
but the others can see variability up to ∼10% fractional variability. This
variability is in the form of broad-band noise and of peaked components
called Quasi-Periodic Oscillations (QPO). These peaks are broader than
coherent oscillations, but yield very precise measurements of characteristic
time scales. In Figs. 1 and 2 one can see two examples. In Fig. 1 there are
four peaks in addition to noise, but they are harmonically related so only
one frequency (that of the strongest peak) is usually considered. In Fig.
2, two peaks at higher frequency are seen, with low noise. They are also
harmonically related.
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Fig. 1. PDS from the source GRS 1915+105. Several low-frequency components can
be seen. The frequencies of the four peaked ones are in harmonic relation.38.
It was clear from the first attempts of theoretical modelling of X-ray
emission from X-ray binaries that variability could be produced by inho-
mogeneities in the inner accretion flow. If inhomogeneities can live longer
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Fig. 2. Another PDS from GRS 1915+105 in a different state, where high-frequency
QPOs are observed11. Two peaks are observed here, with harmonically related frequen-
cies.
than the orbital time scale at their radius, this could lead to a signal con-
centrated around the frequencies corresponding to that radius. In this way
the inhomogeneity could be used as a “test particle” to probe the accretion
flow and at the same time the space time close to a black hole. For instance
observing high frequencies, the position (and existence) of the ISCO could
be measured. After these ideas were put forward, QPOs were observed, first
in neutron-star binaries then in BHBs. These provided precise frequencies
to input to models, although the situation is complicated by the fact that
an accretion flow is not made of tennis balls, but is a complex structure of
orbiting plasma with its own characteristic time scales, which in principle
could also lead to observable signals.
In the 1990s, multiple QPO peaks started being observed, thanks to
NASA’s RossiXTE satellite for X-ray astronomy, designed for analysis of
fast variability49. Dealing with more than one time scale involves adding
different frequencies in addition to the orbital ones. This led to the devel-
opment of models based on fundamental frequencies of matter orbiting a
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collapsed object: in addition to the Keplerian one (νφ), the radial epicyclic
frequency (νr) and the vertical epicyclic frequency (νθ)were considered. For
a test particle orbiting at radius r on a slightly eccentric orbit slightly tilted
from the plane perpendicular to the spin of a Kerr black hole with specific
angular momentum J , these are:
νφ =
√
GM/r3/2pi (1 + a(rg/r)
3/2)
ν2r = ν
2
φ [1− 6(rg/r) + 8a (rg/r)
3/2
− 3a2 (rg/r)
2]
ν2θ = ν
2
φ [1− 4a (rg/r)
3/2 + 3a2 (rg/r)
2]
where rg = GM/c
2 and a = Jc/GM2. In addition, possible candidates
are also the periastron precession frequency νper = νφ − νr and the nodal
precession frequency νnod = νφ − νθ. In Newtonian approximation νφ,
νr and νθ are identical, but in a strong gravitationa field they are not:
νφ and νθ decrease with radius, but νr is null at ISCO, has a maximum
at a specific radius, then decreases at larger radii. Clearly, matching the
observed frequencies with the values from these equation offer the possibility
of testing important predictions of GR in the strong-field regime. Notice
that the equations above depend only on three parameters: the mass and
spin of the black hole and the radius of the orbit. A measurement of three
frequencies, if they can be associated to these physical quantities, would
give a direct measurement of mass and spin.
4. Observations
Going into the intricacy of source states would be beyond the scope of this
chapter. I will present only the basic information that can be used to apply
theoretical models. Most of the variability that is observed takes place at
low frequencies, which we can define as those below ∼ 10−20 Hz, although
the most interesting signals are those observed at higher frequencies, in the
range where νφ and νr are expected for a stellar-mass black-hole.
4.1. Low frequencies
When BHBs are in their hard state (where the thermal disk described
above is not observed and the emission is dominated by other components),
strong variability is observed in the form of noise, although sometimes a
more peaked component, a QPO, can also be observed. The typical Power
Density Spectrum is that shown in Fig. 3. Four components are seen here,
one of which slightly peaked. By applying a Lorentzian model for these
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components, it is possible to extract a characteristic frequency from each
of them6.
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Fig. 3. PDS from the hard state of Cyg X-1. The dashed lines mark the different noise
components.
As the X-ray flux varies, these frequencies change in a correlated way.
Recently, the lowest-frequency component has been associated with prop-
agation effects in the accretion flow, where variability from all radii in the
disk contributes to the noise2,21, although the frequency of this component
is correlated with the others, an indication that the situation could be more
complicated.
When the energy spectrum softens and a disk component starts appear-
ing in the 2-10 keV band, the PSD is consistent with being a high-frequency
extension of the one in Fig. 3, meaning that all frequencies are higher and
February 19, 2019 1:50 ws-procs9x6 WSPC Proceedings - 9in x 6in belloni page 9
9
0.01 0.1 1 10 100
10−8
10−7
10−6
10−5
10−4
10−3
10−2
10−1
100
101
102
Frequency (Hz)
Po
w
er
 * 
Fr
eq
ue
nc
y
 
Fig. 4. Time sequence (from top to bottom) of PDS (multiplied by frequency) of GX
339-4. The evolution from noise to noise+QPO and the increasing frequencies is evident.
From Belloni et al. (2006)7 .
the total fractional variability is lower. However, a clear peaked component
appears, called type-C QPO (see Fig. 1 and Fig. 4). As the name sug-
gests, there are at least two other types of QPOs (type-A and -B), but the
important one to consider in this context is type-C, the most common one.
These are QPO peaks whose centroid frequency varies in the 0.01-30 Hz
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range. They are rather narrow, with a FWHM roughly a tenth of their cen-
troid frequency and can be as strong as 5-10% fractional rms. They appear
often with harmonically related peaks (see Fig. 1) and their centroid corre-
lates with the energy spectrum, being highest when the spectrum is softest.
Their energy spectrum is too hard for the modulated emission to originate
from the thermal accretion disk, but the large changes in frequency sug-
gest that the associated radius of emission changes. A strong correlation
between their centroid frequency and the characteristic frequency of the
lowest noise component in the noise has been discovered52. Type-C QPOs
have been observed from many sources and appear to be very common.
Their frequency is too low to be associated to Keplerian orbits, but it can
be linked to precession. In softer states either other types of QPO are
observed or, in the full-fledged high-soft state, there is little variability.
4.2. High frequencies
While signals at low frequencies are almost always observed, high-frequency
features appear to be rare (or weak). Only with the RossiXTE mission we
have started to sample efficiently this frequency range, which led to the
discovery of the (related) kHz QPO in neutron-star binaries, of which there
are many detections. For black holes, the situation is not so good. The first
observation of a high-frequency QPO from a BHB was at 67 Hz from the
very variable source GRS 1915+10531. After that detection, in sixteen years
if operation RXTE discovered very few more from other sources, although
GRS 1915+105 showed many (see below)9,10. Some reported detections
are at low statistical significance and others were too broad to be classified
as QPOs. We are left with six sources with at least a significant detection,
see Tab.1. All these correspond to observations at very high luminosity
and therefore strong signal; it is unclear whether this is an effect of QPOs
being stronger at high luminosity or our sensitivity being too low at lower
luminosities.
Obviously these peaks are not as easy to detect as type-C QPOs, but in
addition they seem to be incompatible with the presence of type-C QPOs.
They only appear in different states from that of type-C QPOs and there
are only a few cases of simultaneous detection (see below). As can be seen
from Tab. 1, three sources (I will discuss the special case of GRS 1915+105
separately) have shown two peaks, although only in one case there are two
significant detections in the same observation. For these three systems,
the frequencies of the two peaks are close to being in a 3:2 ratio. For GRS
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Source Npeaks Simultaneity Frequency (Hz)
GRO J1655-40 2 Y ∼300, ∼400
XTE J1550-564 2 N ∼180, ∼280
XTE J1650-500 1 - ∼250
H 1743-322 2 N ∼160, ∼240
IGR 17091-3624 1 - ∼66
GRS 1915+105 4 Y ∼27, ∼34, ∼41, ∼67
1915+105 things are, as usual, more complicated and no 3:2 ratio is present
among the detection in Tab. 1, although other small integer ratios can be
extracted.
The case of GRS 1915+105 is different. This system is very peculiar
and, unlike normal transient systems, has been very bright throughout the
whole RossiXTE period, which means that it has been observed many times
at very high accretion. Indeed, a systematic search through the archive
has lead to 51 detections of high-frequency QPOs, out of which 48 have
a centroid frequency in the 63-71 Hz range10. This frequency is a very
stable number in this system. However, the most promising candidate for
its interpretation, namely νφ @ ISCO is not an option, as the current mass
measurements predict a higher frequency even in the case of zero spin.
5. Models
The presence of noise in the X-ray emission of X-ray binaries was deter-
mined with the first observations from space with the Uhuru satellite, when
relatively long observations could be obtained. The quality of the data did
not allow precise determination of the noise properties and early models
concentrated on a possible shot-noise nature of the variability5,34,47, which
we now know can be excluded due to statistical properties of the time series.
The first QPO peaks in the 1980s were discovered at low frequencies from
NS binaries and led to the development of models that involved the spin
of the neutron star28. The discovery of QPOs from BHBs, where these
models cannot be applied, changed little. However, with the discovery
of high-frequency features with RossiXTE in the second half of the 1990s
changed everything and led to the development of models that could be ap-
plied to both classes of systems, independent of the nature of the compact
object.
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5.1. The Relativistic Precession Model
The presence of three main features in the variability of neutron-star models
and the availability of a large number of detections, led to the search for
models that could explain all the QPOs (there are additional types of QPOs
and sideband peaks, but it is the three peaks, one at low frequencies and two
at high frequencies (called kHz QPOs because of their high frequency that
can reach 1000Hz) that can form the base for a successful model. The first
such a model is the Relativistic Precession Model (RPM)42–44. It is a local
model, in the sense that the oscillations are associated to a specific radius in
the accretion flow, and as most models it only aims at the interpretation of
the observed frequencies and does not address a production mechanism. In
the RPM, the low-frequency QPO is interpreted as νnod and the two high-
frequency ones as νper and νφ. The frequencies are associated to a single
radius around the neutron star. All three GR frequencies outlined above
are involved. When applied to the available kHz QPO data, the model did
not provide a statistically good fit, but yielded frequencies in the observed
range and with the basic dependence between each other. Figure 5 shows
the difference between the frequencies of the two kHz QPO peaks (in the
RPM corresponding to the radial epicyclic frequency νr) as a function of
the upper frequency (corresponding to νφ) from all published pairs of kHz
QPOs published until now. The lines correspond the model prediction for
different neutron star masses (the neutron star rotation has a small effect
on these plots), where different points along the line correspond to different
radii of emission. The model lines in Fig.5 go though the cloud of points
and the three qualitative predictions of the model are observed: positive
correlation at low frequencies (the points on this branch come from the
only source where low frequencies were observed, Circinus X-114), negative
correlation at high frequencies, no νr value above 400 Hz.
A more direct to look at the data is to plot one kHz QPO frequency
versus the other (see Fig.6) where different subclasses of NS binaries are
shown. There are deviations at high frequencies, but the 2M⊙ model is a
viable representation of the data.
In addition to the high-frequency features, the RPM interprets the low-
frequency QPO seen in NS binaries and BHBs (also for NS there are more
types of QPOs, but one of them can be associated to the one seen from
BHBs) as νnod. In the weak field approximation, this frequency scales with
the square of νφ (the Lense-Thirring effect). This dependence has been
observed in NS binaries35,42
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Fig. 5. Difference between the frequencies of the two kHz QPO peaks in NS binaries as
a function of the upper frequency, where all published pairs of QPOs have been included.
This plot is a new version of earlier published ones14,43. The lines correspond to RPM
predictions for three values of the neutron-star mass.
One QPO in one source stands out: a peak in the range 35-50 Hz has
been detected from a NS source that also showed a kHz QPO. These two
features are inconsistent with being RPM frequencies originating from the
same radius. More observations are needed here to confirm the nature of
the low-frequency QPO and the mismatch with the model, but this will
have to wait for the source to be observable again, as it was a transient
system.
Most of the attention has been on NS binaries, since as shown above
the few detections of high-frequency features in BHBs did not correspond
to detections of low-frequency QPOs. However, there is an observed cor-
relation that suggests that high-frequency peaks could be observed also at
low frequencies (associated to larger radii) and in that case they do not
appear as peaks: the so called PBK correlation6,36. The correlation is
shown in Fig. 7: this is the original correlation6, but some incorrect points
have been removed and two new points have been added (see below). Here
non-homogeneous quantities are plotted. For kHz QPOs, the low-frequency
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Fig. 6. Plot of one kHz QPO frequency versus the other. The dark area corresponds
to a lower frequency higher than the upper one. The dashed line lines correspond to the
same model lines in Fig.5.
QPO frequency is plotted vs. that of the low-frequency QPO. For sources
in the hard states (see PDS in Fig. 3), both NS and BH, the characteristic
frequency of the broad shoulder above it (see Fig. 3, where it is around 2
Hz) vs. the low-frequency QPO. In other words, while the x axis is always
the frequency of the low-frequency QPO, the y axis for x < 20 Hz repre-
sents a broad component, while for x > 100 Hz it is a high-frequency peak.
The points in between are from the same Circinus X-1 source that allowed
to measure the left portion of Figs. 5 and 6. This correlation appears very
tight and connects NS ad BH sources, as well as narrow and broad compo-
nents, clearly suggesting a common physical mechanism. Indeed the RPM
does interpret this correlation without needing additional parameters44.
It is interesting to note that this correlation, which covers three or-
ders of magnitude, has been extended by two more orders of magnitude
by including frequencies of dwarf-nova oscillations observed in the optical
band from cataclysmic variables, binary systems containing white dwarfs50.
While the correlation between the WD frequencies is good and it connects
to the BPK, it is not clear how to link signals detected in different bands
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Fig. 7. The PBK correlation as published in its second version6. Some points have
been removed as they are not significant and two points have been added, the stars in
the upper right of the diagram, corresponding to the detections discussed below.
and from different systems, as the X-ray emitting region of an X-ray binary
does not exist in a cataclysmic variable, dure to the size of the star.
5.2. The Epicyclic Resonance Models
As mentioned above, some of the observed pairs of high-frequency oscil-
lations in BHBs have been observed to be close to a 3:2 ratio. This has
led to the development of another class of local models, where the special
radius associated to the QPOs is identified by resonances. In particular,
there is a radius at which the radial νr and vertical νθ epicyclic frequen-
cies have simple integer ratios (2:1, 3:2). This can lead to resonance1,18,19.
Additionally, also a resonance between νr and νφ has been considered
48.
The few available detections of QPO pairs in BHBs do not allow to check
further the validity of the model, but the fact that the observed frequencies
are observed only to show little variability is naturally explained within
these models, since for a given object the resonance radii cannot change.
Of course sharp changes from one resonance to the next one can in prin-
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ciple be observed, but no continuous shifts. Indeed, this model cannot
be easily applied to neutron stars, where the frequencies vary and span
a rather large range, without invoking an additional unknown mechanism
that brings these changes, at which point one of the main predictions of
the model does not exist anymore. Moreover, these models do not include
low-frequency oscillations.
5.3. Other models
Other models have been proposed and most of them are based on some
of the fundamental frequencies of motion shown above. Both the RPM
and the resonance models offer an interpretation for the observed centroid
frequencies, but they do not include the presence of an accretion flow, nor
they address the nature of the modulated emission. An extended approach
to the study of the low-frequency QPOs in the Lense-Thirring hypothesis
was presented a few years ago22–25. To go beyond the single radius-test-
particle approach, the model considers the precession of an extended hot
region in the accretion flow, from which the observed QPO frequency would
arise from a solid body-like nodal precession that would depend on the outer
radius of the region, located inside a truncated disk. The model allows
the interpretation of observed correlations and a modulation of the iron
line centroid in H 1743-322 has been observed to match its prediction due
to variable irradiation of the accretion disk by the inner region (see Fig.
8)26,27.
Fig. 8. Left: Ray-tracing representation of the illuminated part of the disk by the
precessing inner hot flow at two different QPO phases for observations of H 1743-322.
Right: corresponding best fit line profiles27.
A model (AEI, Accretion-Ejection Model) has been proposed based on a
disk instability involving a spiral instability driven by magnetic stress from
a poloidal field. The spiral extracts energy from the disk and transfers it to
a corona, which then powers the ejection of relativistic jets45. The model
has also been extended to interpret high-frequency QPOs46.
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Global disk oscillation models, involving different oscillation modes have
been proposed and recently the first instances of QPO signals have been
reproduced through hydrodynamical and MHD simulations. The discussion
of these models goes beyond the scope of this article and can be found
elsewhere12.
6. Where we stand
It is clear that the existing data on high-frequency QPOs is so scarce that it
is difficult to test the models above. Low-frequency QPOs have been widely
observed, but their tendency not to be detected together with their high-
frequency counterparts makes the testing of a full scenario problematic.
However, out of the full archive of RossiXTE there exists one observation
of a bright system, GRO J1655-40, where all three QPOs (one at low fre-
quencies and two at high frequencies) have been detected (see Fig.9)32.
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Fig. 9. Left panel: PDS of the RossiXTE observation of GRO J1655-40 with three
simultaneous oscillations. The main panel shows the 18 Hz low-frequency QPO, the
inset shows the two high-frequency counterparts (in two different energy bands)32 .
With the equations above, under the assumption that the three frequen-
cies correspond to GR frequencies at the same radius R, it was possible to
estimate R and the mass and spin of the black hole with high accuracy:
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Fig. 10. Frequency correlation for the RossiXTE observations of GRO J1655-40 with
QPOs, with the low-frequency in the abscissa32. The red points mark low-frequency
QPOs (therefore they mark a 1:1 line), the other points represent high-frequency QPOs
and broad features (see text).The blue points are the three frequencies visible in Fig,9.
The dashed lines are the RPM predictions based on the three blue points, while the
red band indicates the range of the expected maximum frequencies for the oscillations
due to the presence of the ISCO. The upper x-axis shows the radii corresponding to the
frequencies on the lower-axis.
R = 5.677± 0.035 rg, M = 5.307± 0.066 M⊙, a = 0.286± 0.003. Despite
the small error bars, the derived mass matches the value obtained from
dynamical measurements in the optical, m = 5.4 ± 0.4 M⊙
3,32. Since the
only two parameters for the black hole are estimated, this also allows to
derive a value for the ISCO rISCO = 5.031± 0.009 rg. There are no other
instances of three simultaneously detected QPOs, but there are many de-
tections of the low-frequency QPO in GRO J1655-40 spanning the range
0.01-27 Hz. Since spin and mass are fixed, it was possible to test the hy-
pothesis that the broad components observed together with low-frequency
QPO represent relativistic frequencies (the PBK correlation, see above).
Figure 10 shows that they fit very well the expected correlation with the
low-frequency QPO32. Notice that although the low-frequency QPO span a
very large range, they do not exceed the range of values expected at ISCO,
which are not expected to be present. Moreover, the relative width of the
three peaks can be explained with a modest jitter of the radius R, making
the result even more robust.
As the estimate of the “correct” black-hole mass strengthens the as-
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sociation between observed and predicted frequencies, it was possible to
apply the model to the second best observation, when another bright sys-
tem (XTE J1550-564) was observed to show two simultaneous QPOs, one
at low frequencies and one at high frequencies. With two frequencies the
equations cannot be solved, but the inclusion of the optically measured
black hole mass leads to the estimate of a = 0.34 ± 0.0133. Also in this
case, the extension to lower frequencies through broad features is well in-
terpreted by the model (see Fig. 11), as well as the relative width of the
two peaks.
Fig. 11. Frequency correlation for the RossiXTE observations of GRO J1550-40, same
plot as Fig. 1033.
7. Conclusions
After years of observations of low- and high-frequency variability from
BHBs we now have a number of models to test, but unfortunately too
few detections of high-frequency QPOs to reach a firm conclusion. It is
very likely that this is only problem of sensitivity, as also shown by the fact
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that all detections were obtained when the sources were in their brightest
stages. If the results shown in the previous section are confirmed (they are
based on two observations only), the RPM model has led to the direct mea-
surement of a stellar black hole mass and therefore to the direct evidence
of the presence of a black hole in the system, as well as to the existence of
an ISCO and the confirmation of the relativistic precession frequencies in
the strong-field regime.
What is needed now is more realistic models and new more sensitive
observations. Models that take into account the presence of an accretion
flow rather than simple test particles are being developed and have been
shown above. What is still missing is a solid determination of the emission
process that leads to the production of oscillations that can be as strong as
20% in rms. At the same time, new instruments are being developed. At
the time of writing, the Indian X-ray satellite AstroSat is operative and is
yielding data comparable in quality to those of RossiXTE. No new high-
frequency oscillations have been reported yet, but observations are in place.
For the future, larger missions are being proposed, such as eXTP53, with
instruments capable of collecting more photons and reaching a much higher
sensitivity for fast variations.
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